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FROBENIUS LIFTS AND ELLIPTIC CURVES WITH COMPLEX
MULTIPLICATION
LANCE GURNEY
Abstract. We give a new characterisation of elliptic curves of Shimura type
in terms commuting families of Frobenius lifts. We also strengthen an old
principal ideal theorem for ray class fields which combined. These combined
allow us to prove the existence of global minimal models for such curves,
generalising a result of Gross. Along the way we also prove a handful of small
but new results regarding elliptic curves with complex multiplication.
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Introduction
The aim of this paper is to prove several new results on elliptic curves with
complex multiplication, most of which are generalisation of previous ones. Let K
be an imaginary quadratic field, L an extension of K and E/L an elliptic curve with
complex multiplication. In §§1–2 we analyse isogenies between such curves and the
associated adelic representations. We then give a simple classification of all such
curves over L in terms of these representations. The content of these two sections is
most likely well-known (by those who well-know it), but it is difficult to find precise
references and so we include it for convenience.
In §3 we give a version of the criterion of Ne´ron-Ogg-Shaverevich adapted to
elliptic curves with complex multiplication. An interesting corollary of this is the
following criterion for good reduction, a special case of which is Theorem 2 of
[CW77] where it shown for L = K with class number one and f a split prime of K:
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Theorem. If there exists an ideal f ⊂ OK such that the f-torsion of E is ratio-
nal over L and the map O×K −→ (OK/f)
× is injective, then E has good reduction
everywhere.
In §4 we come to the main objects of our study, which are elliptic curves of
‘Shimura type’. An elliptic curve with complex multiplication E/L is said to be of
Shimura type if L is an abelian extension of K and if the torsion of E is rational
over the maximal abelian extension of K (it is always so over the maximal abelian
extension of L). We recall Shimura’s Theorem on the existence of such elliptic
curves with certain good reduction properties and then show that Shimura’s result
is sharp using the good reduction criterion of §3.
The purpose of §5 is to give the following new characterisation of such elliptic
curves in terms of commuting families of Frobenius lifts:
Theorem. If L/K is an abelian extension and E/L is an elliptic curve with complex
multiplication then E/L is of Shimura type if and only if:
(i) for all primes p of K, where E/L has good reduction and L/K is unramified,
there exists an isogeny
ψp : E −→ σ∗p(E),
whose extension to the Ne´ron model of E/L reduces modulo p to the Np-
power relative Frobenius (here σp ∈ G(L/K) is the Frobenius element at p),
and
(ii) for two prime ideals p and l as in (i) the isogenies ψp and ψl commute in
the sense that:
σ∗l (ψ
p) ◦ ψl = σ∗p(ψ
l) ◦ ψp.
In §6 we consider the existence of minimal models of elliptic curves of Shimura
type. This questions was (in a sense) already considered by Gross in [Gro82], where
it is shown that if K has prime discriminant and E/H is an elliptic curve of Shimura
type then E admits a global minimal model. We give the following generalisation
of this:
Theorem. Let L/K be a ray class field with conductor f and let E/L be an elliptic
curve of Shimura type. If the f-torsion of E is rational over L then E admits a
global minimal model away from f.
Note that if f = (1) then the f-torsion is always rational over the Hilbert class
field H = K((1)) and so we find that every elliptic curve over Shimura type over H
admits a global minimal model (moreover, such curves always exist).
The main result of §6 relies fundamentally on a certain principal ideal theorem
which we prove in the appendix. Let K be a number field and let L/K be a wide
ray class field. Write IdL/K for the group of fractional ideals of OK generated by
the primes which are unramified in the extension L/K.
Theorem. There exist elements l(a) ∈ L×, indexed by the ideals a prime to f, such
that
(i) l(a) ·OL = a ·OL and
(ii) l(ab) = l(a)σa(l(b))
for a, b prime to f where σa ∈ G(L/K) denotes the ‘Frobenius element’ at a.
A version of this result was proven by Tanaka in [Tan58] (and indeed our proof
is heavily based on his and several other classical results from class field theory).
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Notation
Unless otherwise noted K will denote an imaginary quadratic field, with fixed
maximal abelian extension Kab and algebraic closure K.
For a number field L, OL denotes its ring of integers, IdL the group of fractional
ideals, ÔL = OL ⊗Z Ẑ the group of finite, integral adeles, and IL the group of (all)
ideles. If P is a prime of L then LP and OLP denote the P-adic completion of
L and OL respectively. Finally, if F is an integral ideal of L and P ⊂ IdL is any
subset, then PF denotes the subset of ideals of P which are relatively prime to F.
If L/K is an abelian extension then we denote by IdL/K the group of fractional
ideals of K generated by the primes which are unramified in L/K. We denote by
IdL/K −→ G(L/K) : a 7→ σa
the unique surjective homomorphism which sends a prime ideal p ∈ IdL/K to the
unique automorphism lifting Np-power Frobenius modulo p, we write PL/K ⊂ IdL/K
for its kernel and for a ∈ IdL/K we call σa the Frobenius element at a.
The ray class field of conductor f is denoted K(f) and when f = (1) we write
H = K((1)) for the Hilbert class field of K. Finally, we denote by
θK : (ÔK ⊗OK K)
× −→ G(Kab/K)
the reciprocity map of class field theory. Note that as K is imaginary quadratic, this
homomorphism is surjective with kernel K× and its restriction to Ô×K ⊂ (ÔK ⊗OK
K)× induces a surjective map
θK : Ô
×
K −→ G(K
ab/H)
with kernel O×K.We will also use the symbol θK to denote the induced isomorphisms
between the corresponding quotient group and the relevant Galois group.
1. Isogenies between elliptic curves with complex multiplication
1.1. Let S be an OK-scheme. An elliptic curve E over S is a smooth, proper,
geometrically connected S-group scheme of relative dimension one. The tangent
space at the identity is denoted LieE/S (and is a locally free OS-module of rank
one). An elliptic curve with complex multiplication by OK over S is an elliptic
curve E/S equipped with a homomorphism
OK −→ EndS(E) : a 7→ [a]E
such that the induced action of [a]E on LieE/S coincides with the action of a coming
from the structure map S −→ Spec(OK). We also call these curves simply ‘CM
elliptic curves’.
1.2. We now recall a construction of Serre (Chapter XIII of [Cas67], also [Wat69]).
Let E/S be a CM elliptic curve. For each S-scheme S′ the group HomS(S
′,E) =
E(S′) is an OK-module and so given a rank one projective OK-module M, we may
define a functor on the category of S-schemes via
M⊗OK E : S
′/S 7→ M⊗OK E(S
′).
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1.3. Proposition (Serre). The functor M⊗OK E is representable by a CM elliptic
curve over S.
Proof. Every rank one projective OK-module M can be generated by a pair of
elements and so there exists a surjective homomorphism O2K −→ M. Since M
is projective, we can split this homomorphism and realise M as the kernel of an
idempotent endomorphism fM : O
2
K −→ O
2
K.
The endomorphism fM induces an idempotent endomorphism of group schemes
fM : E
2 −→ E2 and an isomorphism (of functors on S-schemes):
M⊗OK E
∼
−→ ker(fM : E
2 −→ E2).
It follows that M ⊗OK E is representable by a unique group scheme over S with
which we now identify it.
As fM : E
2 −→ E2 is idempotent, M ⊗OK E is a direct factor of the smooth,
proper and geometrically connected group scheme E2. Hence, M ⊗OK E is itself
smooth, proper and geometrically connected.
Finally, the additivity of functor Lie applied to the left split exact sequence
0 −→ M⊗OK E −→ E
2 −→ E2
induces a canonical isomorphism
LieM⊗OKE/S
∼
−→ M⊗OK LieE/S
from which it follows that M⊗OK E is of both of relative dimension one and a CM
elliptic curve, i.e. the induced action of OK on LieM⊗OKE/S is via the structure
map S −→ Spec(OK). 
We identify the functor M⊗OK E with the representing CM elliptic curve.
1.4. Remark. We also make a few remarks about this construction.
(i) In the proof of (1.3) it is shown more generally that if G/S is any group
scheme equipped with an action of OK and M is a rank one projective OK-
module then the functor M⊗OK G is again representable by a group scheme
over S and inherits any properties possessed by direct factors of the group
scheme G2, e.g. affine, flat, finite locally free, e´tale and so on. We will use
this from time to time when G is a torsion sub-group of E or when G is the
Ne´ron model of an elliptic curve.
(ii) The additivity of the Hom functor also shows that, for a pair of CM elliptic
curves E and E′ over S and a rank one projective OK-module M, the natural
map
M⊗OK Hom
OK
S (E,E
′)
∼
−→ HomOKS (E,M⊗OK E
′)
is bijective.
1.5. We now apply Serre’s construction in the special case where M = a−1 for a
non-zero integral ideal a ⊂ OK to obtain a CM elliptic curve a−1 ⊗OK E. There is
a natural homomorphism
ia : E −→ a
−1 ⊗OK E
induced by the inclusion OK −→ a
−1 whose kernel we denote by E[a]. The sub-
group scheme E[a] is the a-torsion of E: the S′-valued points of E[a] is
E[a](S′) = {x ∈ E(S′) : [a]E(x) = 0 for all a ∈ a}.
If a = (a) is principal then E[a] = ker([a]E).
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1.6. Proposition. The homomorphism ia : E −→ a−1 ⊗OK E is finite locally free
of degree Na and is e´tale if and only if a is invertible on S.
Proof. The homomorphism ia is e´tale if and only if the induced map
LieE/S −→ Liea−1⊗OKE = a
−1 ⊗OK LieE/S
is an isomorphism. This map is induced by the inclusion OK −→ a
−1 and is
therefore an isomorphism if and only if a is invertible on S.
Regarding the degree of ia, by rigidity we may decompose S into a disjoint
union of schemes over which ia is either the zero morphism or finite locally free of
constant degree. As a is non-zero ia cannot be the zero morphism and is therefore
finite locally free of constant degree. This degree is one if and only if a = OK in
which case the claim is clear. Therefore, we may assume that ia is finite locally free
of constant degree greater than one.
Given another (non-zero) ideal b of OK, the exactness of the functor b
−1⊗OK −
implies that the kernel of
b−1 ⊗OK ia : b
−1 ⊗OK E −→ b
−1 ⊗OK a
−1 ⊗OK E = (ab)
−1 ⊗OK E
is equal to b−1⊗OK E[a]. Choosing an isomorphism b
−1⊗OK (OK/a)
∼
−→ OK/a we
also obtain an isomorphism
b−1 ⊗OK E[a]
∼
−→ E[a]
and it follows that deg(ia ⊗OK b
−1) = deg(ia) and so
deg(iab) = deg((ib ⊗OK b
−1) ◦ ib) = deg(ia) deg(ib).
As Nab = NaNb and deg(iab) = deg(ia) deg(ib) it is enough to show that ip has
degree Np whenever p is a non-zero prime ideal. If p denotes the complex conjugate
of p then
deg(ip) deg(ip) = deg(ipp) = deg([Np]E) = Np
2.
Therefore, if p = p then deg(ip)
2 = Np2 and we must have deg(ip) = Np. On the
other hand if p 6= p then Np is prime and as both deg(ip) and deg(ip) are greater
than one we must also have deg(ip) = Np. 
1.7. Proposition. Let L/K be a finite extension, let S be either Spec(L) or an open
subset of Spec(OL) and let E/S be a CM elliptic curve. The only finite locally free
sub-group schemes of E which are stable under the action of OK are those of the
form E[a] for a ⊂ OK.
Proof. If S = Spec(L) then this follows immediately after noting that Etors is an
ind-finite locally free scheme over Spec(L) which, after base change to an algebraic
closure of L, is isomorphic as an OK-module group scheme to the constant OK-
module group scheme associated to K/OK whose only finite OK-sub-modules are
given by a-torsion a−1/K ⊂ K/OK for a ⊂ OK.
If S ⊂ Spec(OL) is an open sub-scheme and C ⊂ E a finite locally free subgroup
scheme stable under OK then C×S Spec(L) = (E×S Spec(L))[a] for some ideal a by
the above. Therefore, the degree of C is equal to the degree of E[a] and by Corollary
1.3.5 of [KM85] there is a unique maximal closed sub-scheme Z ⊂ S over which C
and E[a] are equal. Since C and E[a] are equal over the generic fibre Spec(L) −→ S
and Z ⊂ S is closed it follows that Z = S and hence that C = E[a]. 
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2. Classification of elliptic curves with complex multiplication
For details regarding the content of this section see Chapter 1 of [Ser66] and
Chapter 2 of [Gro80].
2.1. Let K ⊂ L ⊂ K be a finite extension with maximal abelian extension Lab ⊂ K
and let E/L be a CM elliptic curve. The OK-module Etors(K) is isomorphic to K/OK
and G(K/L) acts on this module via a character
ρE/L : G(L
ab/L) −→ Ô×K = AutOK(K/OK).
It is customary to classify CM elliptic curves via their Hecke characters, however
it is conceptually simpler to instead use their ade`lic representations ρE/L directly,
keeping in mind that those which appear as such satisfy a certain special property
(see (2.1.1) below). Indeed, this property is exactly what allows one to convert
ρE/L into the associated algebraic Hecke character ψE/L as we know explain.
Write
N˜L/K : IL −→ (ÔK ⊗OK K)
×
for the composition of the norm NL/K : IL −→ IK with the projection IK −→
(ÔK⊗OK K)
× which forgets the archimedian factor. The algebraic Hecke character
(see Theorem 10 of [ST68] for an alternative definition) associated to E/L is
ψE/L := ρ
−1
E/L · N˜L/K : IL −→ K
× ⊂ (ÔK ⊗OK K)
×.
A priori ψE/L takes values in (ÔK⊗OK K)
×, however it can be shown to take values
in K× (as follows from Theorem 11 of [ST68], for example) which is equivalent
to the ade`lic representation ρE/L having the property that the following diagram
commutes:
G(Lab/L)
ρE/L
//
res
&&
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Ô×K
θK

G(Kab/K)
(2.1.1)
where the diagonal arrow is the restriction map. This implies that the extension
K ⊂ L contains the Hilbert class field K ⊂ H ⊂ K. Moreover, there always exist
CM elliptic curves defined over H (see Chapter I of [Ser66]).
2.2. Now fix an embedding K ⊂ K −→ C and let E/C be a CM elliptic curve. By
GAGA the functor E 7→ Ean, sending E to its analytification, is an equivalence of
categories between CM elliptic curves over C and complex tori of dimension one
together with an action of OK, which acts through the inclusion OK ⊂ C on the
tangent space at the identity.
The exponential map
LieEan −→ E
an
is holomorphic, surjective and OK-linear, its kernel TOK(E) is a rank one projective
OK-module and the functor E 7→ TOK(E) from the category of CM elliptic curves
over Spec(C) to the category of rank one projective OK-modules is an equivalence.
We denote by CLK the class group of K and we denote by [M] ∈ CLK the class
of a rank one projective OK-module M. If L ⊂ K is a finite extension of K and E/L
is a CM elliptic curve we write
cE/L := [TOK(E
an
C )] ∈ CLK
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where EC = E×Spec(L) Spec(C).
2.3. We record the following properties of ρE/L and cE/L:
(i) If χ : G(Lab/L) −→ AutOKL (E) = O
×
K is a character and E
χ is the twist of
E by χ then
ρEχ/L = χ · ρE/L and cEχ/L = cE/L.
(ii) If σ ∈ G(L/K) then
ρσ∗(E)/L = ρ
σ
E/L and cσ∗(E)/L = [a]
−1cE/L
where
ρσE/L(−) = ρE/L(σ˜ ◦ − ◦ σ˜
−1)
for any extension of σ ∈ G(L/K) to σ˜ ∈ G(Lab/K) and σ|H = σa.
(iii) If a is a fractional ideal of K then
ρa⊗OKE/L = ρE/L and ca⊗OKE/L = [a]cE/L.
2.4. Proposition. The assignment
E/L 7→ (ρE/L, cE/L)
from isomorphism classes of CM elliptic curves over L to the set of pairs (ρ, c)
where
(i) ρ : G(Lab/L) −→ Ô×K is a continuous character such that
G(Lab/L)
ρ
//
res
&&
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Ô×K
θK

G(Kab/K)
commutes, and
(ii) c ∈ CLK
is bijective. Moreover, if E and E′ are a pair of CM elliptic curves over L then E
and E′ are isogenous if and only if ρE/L = ρE′/L.
Proof. Let (ρ, c) be a pair as above. The fact that (2.1.1) commutes implies that the
image of G(Lab/L) in G(Kab/K) (via restriction) lands in the subgroup G(Kab/H)
so that H ⊂ L. As there exists a CM elliptic curve H, base changing we obtain a
CM elliptic curve E/L.
If (ρE/L, cE) is the pair corresponding to E/L then there exists a character χ :
G(Lab/L) −→ O×K and a fractional ideal a of K such that
(ρ, c) = (χρE/L, [a]c).
But
(ρa⊗OKEχ/L, ca⊗OKEχ/L) = (χρE/L, [a]c)
and so the map in question is surjective.
On the other hand, let E and E′ be a pair of CM elliptic curves over L such that
(ρE/L, cE) = (ρE′/L, cE′).
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The equality cE/L = cE′/L implies that EC and E
′
C
are isomorphic, which in
turn implies that EK and E
′
K
are isomorphic and thus there exists a character
χ : G(Lab/L) −→ O×K such that E
′ and Eχ are isomorphic. We then find
ρE/L = ρE′/L = χ · ρE/L
which is possible if and only if χ is trivial. Therefore E′ = Eχ is isomorphic to E
and the map in question is bijective.
For the last statement let E and E′ be a pair of CM elliptic curves over L. Then
E and E′ are isogenous (over L) if and only if E′ = a−1 ⊗OK E for some integral
ideal a of OK as any isogeny f has ker(f) = E[a] for some a ⊂ OK.
It is clear that ρE/L = ρa⊗OKE/L. Conversely, if ρE/L = ρE′/L it follows that
E′ is isomorphic to M ⊗OK E for some rank one projective OK-module M (by the
bijectivity already shown) and choosing any non-zero element m ∈ M we obtain an
isogeny
E −→ E′ = M⊗OK E : x 7→ m⊗ x.

3. Good reduction
Since it doesn’t seem to appear elsewhere, let us give the following version of the
criterion of Ne´ron-Ogg-Shaverevich adapted to CM elliptic curves (see [ST68] for
the original).
3.1. Theorem. Let L/K be a finite extension, E/L be a CM elliptic curve, P ⊂ OL
a prime ideal lying over the prime p ⊂ OK and let IP ⊂ G(Lab/L) be the inertia
subgroup. Then
ρE/L(IP) ⊂ O
×
K ·O
×
Kp
⊂ Ô×K
and E/L has good reduction at P if and only if ρE/L(IP) ⊂ O
×
Kp
.
Proof. The image of IP under the restriction map G(L
ab/L) −→ G(Kab/K) is
contained in the inertia group Ip ⊂ G(Kab/K) which in turn is equal to the image
of the sub-group O×Kp ⊂ Ô
×
K/O
×
K under the map θK : Ô
×
K/O
×
K −→ G(K
ab/K). This
observation combined with the fact that the diagram
G(Lab/L)
ρE/L
//
res
&&
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
Ô×K
θK

G(Kab/K)
commutes shows that ρE/L(IP) ⊂ O
×
K ·O
×
Kp
⊂ Ô×K.
For the claim regarding good reduction, let ℓ be a rational prime such that ℓ ·OK
is prime to p. By the usual criterion of Ne´ron-Ogg-Shaverevich, E/L has good
reduction at P if and only if the action of IP on E[ℓ
∞](Lab) is trivial and this
action is trivial if and only if the image of ρE/L(IP) ⊂ Ô
×
K along the projection
Ô×K −→ (OK ⊗Z Zℓ)
× is trivial.
Now, as the intersection of O×K and O
×
Kp
inside Ô×K is trivial, we have O
×
K ·O
×
Kp
=
OK ×O
×
Kp
and so the restriction of ρE/L to IP is a product of two characters
ρE/L|IP = α · λ : IP → O
×
K ×O
×
Kp
= O×K ·O
×
Kp
⊂ Ô×K.
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As p and ℓ·OK are coprime, the image of ρE/L(IP) in (OK⊗ZZℓ)
× coincides with
the image of α(IP), and as the map O
×
K −→ (OK ⊗Z Zℓ)
× is injective, it follows
that the image of α(IP) is trivial if and only if α(IP) is itself trivial. This in turn
is true if and only if ρE/L(IP) ⊂ O
×
Kp
. 
We also obtain the following useful corollary, a special case of which is Theorem
2 of [CW77]:
3.2. Corollary. Let L/K be a finite extension, let E/L be a CM elliptic curve and
let f ⊂ OK be an ideal such that the map O
×
K −→ (OK/f)
× is injective. If E[f] is
rational over L then E has good reduction everywhere.
Proof. If P is an prime ideal of OL lying over the prime ideal p of OK, and IP ⊂
G(Lab/L) denotes the inertia group at a prime P of L then by (3.1) E/L has good
reduction at P if and only if the sub-group ρE/L(IP) ⊂ O
×
K ·O
×
Kp
⊂ Ô×K is contained
in O×Kp ⊂ Ô
×
K. Since O
×
K and O
×
Kp
have trivial intersection (as subgroups of Ô×K) and
the map O×K −→ (OK/f)
× is injective, this is equivalent to the image of ρE/L(IP)
along Ô×K −→ (OK/f)
× being trivial. However, E[f] is constant so that G(Lab/L)
acts trivially on E[f](K) and so the image of ρE/L(G(L
ab/L)) ⊂ Ô×K (and a fortiori
that of ρE/L(IP)) is trivial in (OK/f)
×. 
4. Elliptic curves of Shimura type
4.1. Let L be an abelian extension of K. A CM elliptic curve E/L is said to be of
Shimura type if the action of G(K/L) on Etors(K) factors through G(K
ab/L). Note
that if K has class number one then every CM elliptic curve over K is of Shimura
type and such curves always exist. More generally, we have the following result of
Shimura:
4.2. Theorem (Shimura). There exist infinitely many prime ideals p of K with
the property that there exists a CM elliptic curve E/H of Shimura type with good
reduction at all prime ideals of H prime to p.
Proof. By Proposition 7, §5 of [Shi71] there exists infinitely many primes p of K
with Np = p a rational prime, Np = 1 mod w and (Np − 1)/w prime to w, where
w = #O×K. Given such a prime p it follows that the reduction map
O×K −→ (OK/p)
×
is the inclusion of a direct factor. Therefore, we may define a retraction α : Ô×K −→
O×K of the inclusion O
×
K → Ô
×
K by
Ô×K −→ (OK/p)
× −→ O×K
where the first map is the quotient map and the second is a retraction of O×K ⊂
(OK/p)
×.
We now define a character ρ : G(K/H) −→ Ô×K by
G(K/H) −→ G(Kab/H)
∼
←− Ô×K/O
×
K −→ Ô
×
K
where the last map sends the class of s ∈ Ô×K to s
−1α(s). The character ρ satisfies
the conditions of (2.4) so that there exists a (not necessarily unique) CM elliptic
curve E/H with ρE/H = ρ. Moreover, the action of G(K/H) on E(K) factors through
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G(Kab/H) so that E/H is a CM elliptic curve of Shimura type and ρ = ρE/H is a
character G(Kab/H) −→ Ô×K.
Finally, for any prime L of OH lying over a prime l 6= p of OK, the image of
IL ⊂ G(Hab/H) along
G(Hab/H) −→ G(Kab/H) −→ Ô×K
is equal to the image of Il ⊂ G(Kab/H) under ρ.
By (3.1) E/H has good reduction at the prime L if and only if the composition
O×Kl −→ Ô
×
K/O
×
K
∼
←− G(Kab/H)
ρ
−→ Ô×K
has image in O×Kl . As l 6= p, this composition is just the inclusion O
×
Kl
⊂ Ô×K by
the definition of ρ and hence E/H has good reduction at L. 
It is easy to show that the set of primes of L where a CM elliptic curve E/L of
Shimura type has good reduction is stable under GL/K and is therefore equal to the
set of primes which are prime to some ideal a of K. Thus the following shows that
(4.2) is sharp:
4.3. Proposition. There does not exist a CM elliptic curve E/H of Shimura type
with good reduction everywhere.
Proof. Let E/H be a CM elliptic curve of Shimura type. The defining property of
such curves implies that the character ρE/H : G(H
ab/H) −→ Ô×K factors through
the restriction map G(Hab/H) −→ G(Kab/H) and we shall use the same symbol for
the induced map.
Composing the reciprocal ρE/H with the isomorphism θK : Ô
×
K/O
×
K
∼
−→ G(Kab/H)
we obtain a homomorphism
η : Ô×K/O
×
K −→ Ô
×
K
which is a section of the quotient map Ô×K −→ Ô
×
K/O
×
K.
The elliptic curve E/H has good reduction at all places of H lying above a prime
p of OK if and only if the composition
O×Kp ⊂ Ô
×
K/O
×
K
η
−→ Ô×K
coincides with the inclusion O×Kp ⊂ Ô
×
K. Therefore, E/H has good reduction every-
where if and only if the composition
Ô×K −→ Ô
×
K/O
×
K
η
−→ Ô×K (4.3.1)
is equal to the identity on the sub-group of Ô×K generated by the sub-groups O
×
Kp
⊂
Ô×K for all primes p of OK. However, this sub-group is dense and η is continuous so
that (4.3.1) itself must be the identity, which is clearly impossible. 
4.4. Remark. In contrast to (4.3) above, there may exist CM elliptic curves over
H with good reduction everywhere. Indeed, Rohrlich has shown [Roh82] that this
is the case precisely when the discriminant of K is divisible by at least two primes
congruent to 3 mod 4.
FROBENIUS LIFTS AND ELLIPTIC CURVES WITH COMPLEX MULTIPLICATION 11
5. Lifts of the Frobenius
5.1. We now fix some notation. Let L/K be an abelian extension and let E/L be
a CM elliptic curve (not necessarily of Shimura type). Let g ⊂ OK be an ideal with
the property that S = Spec(OL[g
−1]) is unramified over Spec(OK) and E has good
reduction over S, so that the Ne´ron model E /S of E/L is a CM elliptic curve over
S.
We write IdgK for the set of ideals of OK prime to g and for a prime p ∈ Id
g
K
we write Sp = S ×Spec(OK) Spec(OK/p), Ep = E ×S Sp and σp : S −→ S for the
Frobenius element at p.
5.2. Lemma. For each p ∈ IdgK, there is at most one homomorphism
ψp : E −→ σ∗p(E )
lifting the Np-power relative Frobenius map of Ep and if such a map exists its kernel
is equal to E [p].
Proof. By rigidity the difference of two such homomorphisms is equal to the zero
map on some open and closed sub-scheme of S, the only choices of which are S
and ∅. Therefore, as any two such homomorphisms must agree on the non-empty
sub-scheme Sp ⊂ S, they must agree everywhere.
By (1.7) we have ker(ψp) = E [a] for some integral ideal a of OK. Since S is
connected and ψp lifts the Np-power relative Frobenius it must have degree Np. If
p = p then E [p] is the unique sub-group scheme of E stable under OK of degree p
so that ker(ψp) = E[p]. If p 6= p then E [p] and E [p] are the only sub-group schemes
of E of degree Np stable under OK so that ker(ψ
p) = E[p] or ker(ψp) = E[p]. In
the latter case we see that ψp is e´tale when restricted to Sp ⊂ S, which is absurd,
hence ker(ψp) = E[p]. 
5.3. Theorem. In the notation of (5.1), the following are equivalent:
(i) For each p ∈ IdgK there is a unique homomorphism
ψp : E −→ σ∗p(E )
lifting the Np-power relative Frobenius of Ep/Sp and for each pair of primes
p, l ∈ IdgK the diagram
E
ψl
//
ψp

σ∗l (E )
σ∗l (ψ
p)

σ∗p(E )
σ∗p(ψ
l)
// σ∗pl(E )
commutes.
(ii) E/L is a CM elliptic curve of Shimura type.
Proof. (i) implies (ii): It is enough to show that the action of G(Lab/L) on E[a](Lab)
factors through G(Kab/L) for all a divisible by g. Since the claim takes place only
on the generic fibre, we may replace S = Spec(OL[g
−1]) by Spec(OL[a
−1]) and
assume that a = g.
Then E [a] is a finite e´tale S-scheme and therefore a finite e´tale Spec(OK[a
−1])-
scheme. It follows that E [a] = ∐iSpec(OLi [a
−1]) where each Li/K is a finite ex-
tension unramified away from a. For each prime ideal p of OK prime to a, the
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Spec(OK)-linear morphism ϕp : E [a] −→ E [a] induced by the restriction of ψ
p
E/L
to E [a] lifts the absolute Np-power Frobenius map of E [a] ×S Sp and therefore its
restriction to each Spec(OLi [a
−1]) is the Frobenius element corresponding to p. As
this is true for all primes prime to a it follows that each of the extensions Li/K is
abelian and that E/L is of Shimura type.
(ii) implies (i): We first note that if E/L is a CM elliptic curve of Shimura type
then the fixed ideal g cannot be equal to OK. If this were the case then we would
have L = H and the elliptic curve E/H would have good reduction everywhere which
is impossible by (4.3). Moreover, the assumptions and the claims of the theorem
are unchanged after replacing g by some power of itself so that as g 6= OK we may
do so in such a way that the reduction map
O×K −→ (OK/g)
×
is injective.
Now as E/L is of Shimura type it follows that for each σ ∈ G(L/K) we have
ρσ∗(E)/L = ρE/L. Therefore, for each prime p ∈ Id
g
K we have
(ρσ∗p(E)/L, cσ∗p(E)/L) = (ρE, cp−1⊗OKE/L) = (ρp−1⊗OKE, cp−1⊗OKE/L).
In particular, there exists an isomorphism
f : p−1 ⊗OK E
∼
−→ σ∗p(E)
whose extension to the Ne´ron models (relative to S) we again denote by f .
For each prime P of OL laying over p there exists a unique element ǫP ∈ O
×
K
such that
fP := ǫPf : p
−1 ⊗OK E
∼
−→ σ∗p(E )
reduces modulo P to the unique isomorphism
p−1 ⊗OK EP
∼
−→ FrNp∗SP (EP)
whose composition with ip : E −→ p−1 ⊗OK E is the Np-power relative Frobenius.
We write ψP = ip ◦ fP : E → σ∗p(E ) for this composition.
Since E/L is an elliptic curve of Shimura type
E [g] = ∐iSpec(OLi [g
−1])
where each Li/K is an abelian extension, unramified away from g. Let ϕ
p : E [g]→
σ∗p(E [g]) be the sum of the Frobenius elements at p of the extensions Li/L.
As Spec(OL[g
−1]) is connected, the reduction map
HomOL[g−1](E [g], σ
∗
p(E )[g])→ HomOL/P(EP[g], σ
∗
p(E )P[g])
is injective and by definition the images of ψP|E [g] and ϕ
p coincide. Hence, ψP|E [g]
depends only on p. However, for P,P′ each dividing p, we have ψP
′
= ǫψP for
some ǫ ∈ O×K. As
ψP|E [g] = ψ
P′ |E [g] = ǫψ
P|E [g]
and O×K → (OK/g)
× is injective, it follows that ǫ = 1 and that ψP depends only on
p. We write
ψp : E −→ σ∗p(E )
for this common value, which lifts the Np-power Frobenius modulo p by construc-
tion.
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For a pair of prime ideals p, l ∈ IdgK consider the diagram
E
ψl
//
ψp

σ∗l (E )
σ∗l (ψ
p)

σ∗p(E )
σ∗p(ψ
l)
// σ∗pl(E )
and let h : E −→ σ∗pl(E ) be the difference of the two compositions from top left to
bottom right. The diagram commutes when restricted to the a-torsion for any ideal
a prime to g, as both compositions induce the ‘Frobenius element’ corresponding
to pl of the finite e´tale S-schemes E [a]. Therefore E [a] ⊂ ker(h) for all a prime to g
and this is only possible if ker(h) = E so that h = 0 and the diagram commutes. 
6. Minimal models
6.1. We now consider the existence of certain global minimal models of elliptic
curves of Shimura type. First, we consider some consequences of the existence of
commuting families of Frobenius lifts.
We continue with the notation of (5.1) but will also assume that E/L is of
Shimura type. Thus for each p ∤ g there is a (unique) isomorphism
νp : p
−1 ⊗OK E −→ σ
∗(E )
with the property that νp ◦ ip = ψp : E −→ σ∗p(E ) lifts the Np-power relative
Frobenius. For a pair of primes p, l prime to g semi-commutativity of the isogenies
ψp and ψl (5.3) expressed in terms of the isomorphisms νl and νp becomes:
σ∗l (νp) ◦ (p
−1 ⊗OK νl) = σ
∗
p(νl) ◦ (l
−1 ⊗OK νp). (6.1.1)
For any ideal a ∈ IdgOK , choosing a prime factorisation of a, we may define isomor-
phisms
νa : a
−1 ⊗OK E
∼
−→ σ∗a(E )
by composing the νp the appropriate number of times for for p|a. The resulting
isomorphism νa is independent of the order of the composition by virtue of (6.1.1)
and for any pair of ideals a and b prime to g they satisfy:
σ∗a(νb) ◦ (b
−1 ⊗OK νa) = σ
∗
b(νa) ◦ (a
−1 ⊗OK νb). (6.1.2)
6.2. If a is an ideal prime to g such that σa = idL then νa is an isomorphism
νa : a
−1 ⊗OK E −→ E
and so must be of the form l(a)⊗ idE where l(a) ∈ OK is a generator of a. Thus if
PgL/K denotes the monoid of ideals a of OK which are prime to g and which satisfy
σa = idL ∈ G(L/K) we obtain a multiplicative map
l : PgL/K −→ OK : a 7→ l(a)
satisfying l(a) ·OK = a.
If f is an ideal of OK with the property that the group scheme E[f] is constant
then E [f] is also constant and the composition
E [f] −→ a−1 ⊗OK E [f]
νa−→ E [f]
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is multiplication by l(a). However, it is also equal to the sum of the Frobenius
elements of the connected components of E [f] which, as E [f] is constant, must be
the identity. Therefore if E[f] is constant, then l satisfies l(a) = 1 mod f.
6.3. By the Ne´ron mapping property the isomorphisms νa extend to isomorphisms
on the full Ne´ron model over Spec(OL) (which is no longer an elliptic curve, only a
smooth one dimensional group scheme)
νa : a
−1 ⊗OK NerOL(E) = NerOL(a
−1 ⊗OK E)
∼
−→ σ∗a(NerOL(E))
satisfying the same commutativity condition. Writing
T = LieNerOL(E)/OL
for the Lie algebra of the Ne´ron model, which is a projective rank one OL-module,
the isomorphisms νa induce OL-isomorphisms (which we denote by the same letter)
νa : a
−1 ⊗OK T
∼
−→ σ∗a(T)
for each a ∈ IdgOK . These satisfy the same commutativity condition (6.1.2) as the
(original) νa and moreover if a ∈ P
g
L/K then νa = l(a)⊗OK idT.
6.4. Theorem. In the notation of (6.1), if L = K(f) is a ray class field and E[f] is
constant then T⊗OK OK[f
−1] is free. In other words, E/Spec(K(f)) admits a global
minimal model away from f.
Proof. We apply (A.3) to extend the map l : PgL/K −→ OK to a map
l : IdgOK −→ OK(f)
satisfying
l(a) ·OK(f) = a ·OK(f) and l(ab) = l(a)σa(l(b)) (6.4.1)
for all a, b ∈ IdgK.
We then define, for each a ∈ IdgK, an isomorphism ta : T −→ σ
∗
a(T) by
T
l(a)−1⊗id
−→ a−1 ⊗OK T
νa−→ σ∗a(T).
If a ∈ PgL/K then by (6.4.1) we have
ta = l(a)
−1 ⊗ l(a) = idT.
This, combined with the commutativity conditions (6.1.2) on the νa and (6.4.1) on
the l(a), shows that ta depends only on the class σa ∈ G(K(f)/K), so that we may
instead write ta = tσa .
We now have a collection of isomorphisms tσ : T
∼
−→ σ∗(T) indexed by σ ∈
G(K(f)/K) which satisfy:
tidK(f) = idT and tστ = tσ ◦ σ
∗(tτ )
for σ, τ ∈ G(K(f)/K). In other words, the isomorphisms tσ define Galois descent
data on T relative to OK −→ OK(f). The homomorphism OK −→ OK(f) is finite and
e´tale after inverting f and after doing so the isomorphisms tσ define actual decent
data relative to OK[f
−1] −→ OK(f)[f
−1]. Therefore there exists an OK[f
−1]-module
T0 such that
T0 ⊗OK[f−1] OK(f)[f
−1]
∼
−→ T⊗OK(f) OK(f)[f
−1].
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However, as K(f) contains the Hilbert class field H = K(1), all rank one projective
OK[f
−1]-modules become free after base change to OK(f)[f
−1], it follows that
T0 ⊗OK OK[f
−1]
∼
−→ T⊗OK OK[f
−1]
is free. 
The above result is in fact really only interesting when f is small. In fact, if f has
the property that O×K −→ (OK/f)
× is injective then there is (up to automorphisms
of K(f)) only one CM elliptic curve over K(f) and by (3.2) it has good reduction
everywhere. Thus we get a CM elliptic curve E /Spec(OK(f)) which is nothing more
than the universal CM elliptic curve with level-f structure.1 However, if f = (1)
we obtain the following corollary which is a strengthening of a result of Gross
(Corollary 4.4 of [Gro82]) who proved it for elliptic curves of Shimura type2 over H
in the case where K has prime discriminant:
6.5. Corollary. If E/H is an elliptic curve of Shimura type then E admits a global
minimal model.
Proof. This is just (6.4) with f = (1), noting that E[1] = Spec(H) is always constant.

Appendix A. A principal ideal theorem
The goal of this appendix is to prove a principal ideal theorem for number fields.
Before explaining the result, let us first introduce some notation.
A.1. Let K be a number field with ring of integers OK and let f be an ideal of
OK. If a ∈ K× we write a = 1 mod f to mean that f divides the principal ideal
(a− 1). For a pair of fractional ideals a, b of K we write a = b mod f to mean that
ab−1 = (a) with a = 1 mod f.
Now if L/K is a finite extension, totally split at all infinite places of K, we denote
by fL/K, DL/K and FL/K the conductor, different and genus ideal of the extension
L/K (see §1 of [Ter52] for precise definitions). These are integral ideals of K, L and
K respectively and we have
fL/K = DL/KFL/K.
Given an intermediate extension L/K′/K we also define
fL/K′/K = DL/K′FL/K.
While a priori is an ideal of L, is in fact an ideal of K′ (see [Tan58]). We also note
that the ideals fL/K, FL/K, and fL/K′/K are all invariant under G(L/K).
We will be interested only in the case where L = K(f) is the ray class field of
conductor f. Note while the conductor of K(f)/K always divides f it may do so
strictly. However, if L/K is a (wide) ray class field and its conductor is fL/K then
K(fL/K) = L.
For other notation we refer the reader to the section following the introduction.
1OK(f) being the moduli stack of such CM elliptic curves.
2Technically, Gross’ result is for CM elliptic curves over defined over the Hilbert class field
of an imaginary quadratic with prime discriminant whose Hecke character is G(H/K)-invariant.
However, these conditions actually imply that E/H is a CM elliptic curve of Shimura type. Indeed,
the primality of the discriminant implies that the class number of K is prime to the order of O×K,
which combined with the G(H/K)-invariance of the Hecke character implies that E/H is of Shimura
type. For a result along these lines see Proposition 2 of [Rob85].
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A.2. In [Tan58] Tannaka proved the following:
Theorem (Tannaka). Let K be a number field and L/K be a ray class field with
conductor fL/K and genus ideal FL/K. Then there exist elements Θ(a) ∈ L
×, indexed
by ideals a ∈ Id
fL/K
K such that:
(i) Θ(a) ·OL = a ·OL,
(ii) Θ(a) = 1 mod FL/K, and
(iii) Θ(a)σa(Θ(b)) = Θ(ab) mod O
×
K.
In this appendix we will prove the following strengthening of Tannaka’s Theorem:
A.3. Theorem. Let K be a number field, let L/K be a ray class field with conductor
f = fL/K, let g be an ideal divisible by f and let
l : Pg,fK −→ K
× : a 7→ l(a)
be a homomorphism such that l(a) ·OK = a ⊂ K and such that l(a) = 1 mod fL/K.
Then l can be extended to a map
l : IdgK −→ L
× : a 7→ l(a)
such that:
(i) l(a) ·OL = a ·OL,
(ii) l(a) = 1 mod FL/K and
(iii) for all a, b ∈ IdgK we have l(ab) = l(a)σa(l(b)).
Despite its different form, this is indeed a strengthening of Tannaka’s Theorem.
As P
fL/K,fL/K
K ⊂ IdK and IdK is a free abelian group it follows that P
fL/K,fL/K
K is free
abelian and so (choosing appropriate generators) there always exist multiplicative
functions
l : P
fL/K,fL/K
K −→ K
×
satisfying l(a) · OK = a and l(a) = 1 mod fL/K. Therefore, applying (A.3) to the
map l we obtain a map l : Id
fL/K
K −→ L
× and setting Θ(a) = l(a) for each a ∈ Id
fL/K
OK
,
we may replace (iii) of Tannaka’s Theorem by: Θ(a)σa(Θ(b)) = Θ(ab)
While this result is new, the methods used to prove it follow closely those of
Tannaka and main innovation consists of applying several classical results in class
field theory before invoking Tannaka’s (very technical) proof. In order to ease
comparison with Tannaka’s proof, we have adopted identical notation to [Tan58],
save that we do not denote the action of elements of Galois groups exponentially,
writing σ(a) for Tannaka’s aσ.
A.4. We now recall a selection of results which we will need during the proof of
(A.3).
A.5. Theorem (Hasse’s Norm Theorem). Let L/K be a finite cyclic extension.
Then NL/K(IL) ∩K
× = NL/K(L
×).
A.6. Theorem (Noether’s ‘Theorem 90’). Let L/K be a finite cyclic extension with
generator σ ∈ G(L/K) and let a be a fractional ideal of L. Then NL/K(a) = OK if
and only if a = bσ(b)−1 for some fractional ideal b of L.
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Proof. As G(L/K) is cyclic and generated by σ we have
{a ∈ IdL : NL/K(a) = OL}
{aσ(a)−1 : a ∈ IdL}
∼
−→ H1(G(L/K), IdL) : a 7→ (σ
i 7→ aσ(a) · · ·σi−1(a)).
By Proposition 6, §13, Chapter V of [Lem07] the group H1(G(L/K), IdL) vanishes
which is the claim. 
A.7. Theorem (Terada’s Norm Theorem). Let L/K be a finite cyclic extension
with generator σ ∈ G(L/K), let α ∈ L× and let m be an ideal of OL. Then the
following are equivalent:
(i) NL/K(α) = 1 mod fL/Km.
(ii) α = βσ(β)−1 mod FL/Km for some β ∈ L.
Proof. This is Theorem 2 of [Ter52]. 
Finally, with notation as in (A.3), let p1, . . . , pr be prime ideals of K, prime to g
and with the property that
G(L/K) =
r⊕
i=1
〈σi〉
where σi = σpi . Also, for 1 ≤ i ≤ n let ni be the order of σi and let Ki ⊂ L be
the sub-extension fixed by the sub-group of G(L/K) generated by {σj}j 6=i, so that
G(Ki/K)
∼
−→ 〈σi〉.
A.8. Theorem. For 1 ≤ i ≤ r let ai be a fractional ideal of Ki such that pi =
aiσi(ai)
−1 mod fL/Ki/K. Then a1 · · · ar = OL mod FL/K.
Proof. This is Theorem 3 of [Tan58]. 
A.9. We are now proceed with the proof of (A.3) and shall also use the notation
introduced above preceding (A.8).
For each 1 ≤ i ≤ r let us make the following constructions. As pnii ∈ P
g,fL/K
K
we have l(pnii ) = 1 mod fL/K and a fortiori l(p
ni
i ) = 1 mod fKi/K so that l(p
ni
i ) ∈
NKi/K(IKi) (i.e. l(p
ni
i ) is a local norm everywhere). However, l(p
ni
i ) is also an
element of K so that by Hasse’s Norm Theorem, there is some πi ∈ Ki with
NKi/K(πi) = l(p
ni
i ). By construction we have
NKi/K(pi(πi)
−1) = pnii p
−ni
i = OK
so that, by Noether’s ‘Theorem 90’, there is an ideal bi of Ki with
pi(πi)
−1 = biσi(bi)
−1.
We now apply Terada’s Norm Theorem (with m = fL/Kf
−1
Ki/K
) to find αi, βi ∈ Ki
satisfying αi = 1 mod fL/Ki/K, πi = αiβiσi(βi)
−1 and
NKi/K(πi) = NKi/K(αiβiσi(βi)
−1) = NKi/K(αi) = l(p
ni
i ). (A.9.1)
Finally, we set ai = (βi)bi so that pi = (αi)aσ
−1
i (ai) and hence
pi = aσ
−1
i (ai) mod fL/Ki/K.
The ideals ai for 1 ≤ i ≤ r satisfy the conditions of (A.8) so that there is an A ∈ L×
with A = 1 mod FL/K and
a1 · · · ar = (A).
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Finally, we set
Θi = αiAσi(A)
−1
and note that Θi ·OL = pi ·OL.
We now go about extending the map l and doing so following rather closely the
method of §1 of [Tan58]. Each a ∈ IdgK can be written uniquely as a product of
ideals
a = γ(a) ·
r∏
i=1
pxii
with γ(a) ∈ P
g,fL/K
K and 0 ≤ xi < ni. Before we continue, it will be useful to note
the values of γ(ab) for a few specific choices of the ideal b:
(i) If b ∈ P
g,fL/K
K then
γ(ab) = γ(a)γ(b). (A.9.2)
(ii) If b = pj and xj 6= nj − 1 then
γ(pj) = OK and γ(apj) = γ(a). (A.9.3)
(iii) If b = pj and xj = nj − 1 then
γ(apj) = γ(a)γ(p
nj
j ). (A.9.4)
Still following §1 of [Tan58] we now define l(a) for any a ∈ IdgK by
l(a) := l(γ(a))
n∏
i=1
wi,xi(Θi)
where
wi,xi =

 xi∑
j=1
σji

 · i−1∏
k=1
σxkk ∈ Z[G(L/K)]
and where Z[G(L/K)] acts multiplicatively on elements of L×: (σ+τ)a = σ(a)τ(a).
It is clear that l(a) · OL = a · OL and that this map does indeed extend the given
map l. Moreover, by construction we have the relations
A = 1 mod FL/K l(a) = 1 mod fL/K αi = 1 mod fL/Ki/K,
so that as FL/K divides both fL/K and fL/Ki/K, and as FL/K, fL/K and fL/Ki/K are
invariant under the action of G(L/K), we get the relation
l(a) = 1 mod FL/K.
All that remains to be shown is that l(ab) = l(a)σa(l(b)) for a, b ∈ Id
g
K.
So let b ∈ IdgK be another fractional ideal, and also write
b = γ(b) ·
r∏
i=1
p
yi
i and ab = γ(ab) ·
r∏
i=1
pzii
where γ(b), γ(ab) ∈ P
g,fL/K
K and 0 ≤ yi, zi < ni. Define δi ∈ {0, 1} for 1 ≤ i ≤ r by
the equality
zi = xi + yi − δini.
Then one finds (see equation (9) of [Tan58])
l(a)σa(l(b))
l(ab)
=
l(γ(a))l(γ(b))
l(γ(ab))
·
r∏
i=1
NKi/K(αi)
δi . (A.9.5)
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It remains to check that the right hand side of (A.9.5) is equal to one for all
ideals b. The group IdgK is generated (as a monoid!) by P
g,fL/K
K and p1, . . . , pn so
that by induction, it is enough to check that l(ab) = l(a)σa(l(b)) when b ∈ P
g,fL/K
K
or when b = pj for 1 ≤ j ≤ r. If b ∈ P
g,fL/K
K then δi = 0 for 1 ≤ i ≤ r and by
(A.9.2) we have γ(a)γ(b) = γ(ab) so that
l(γ(a))l(γ(b))
l(γ(ab))
r∏
i=1
NKi/K(αi)
δi = 1.
If b = pj and xj 6= nj − 1 then δi = 0 for 1 ≤ i ≤ r and by (A.9.3) we have
γ(pj) = OK and γ(apj) = γ(a) so that
l(γ(a))l(γ(b))
l(γ(ab))
r∏
i=1
NKi/K(αi)
δi = 1.
Finally, if b = pj and xj = nj − 1 then δi = 0, unless i = j in which case δj = 1,
so that
r∏
i=1
NKi/K(αi)
δi = NKj/K(αj) = l(γ(p
nj
j ))
by (A.9.1). By (A.9.4) we have γ(apj) = γ(a)γ(p
nj
j ) so that
l(γ(a))l(γ(b))
l(γ(ab))
r∏
i=1
NKi/K(αi)
δi = l(γ(p
nj
j ))
−1l(γ(p
nj
j )) = 1.
Therefore, for all a, b ∈ IdgK we have l(ab) = l(a)σa(l(b)) and (A.3) is proven.
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